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Exact solutionAbstract In this article, an analytical solution procedure is described for solving two and three
dimensional second order hyperbolic telegraph equation using a reliable semi-analytic method so
called the reduced differential transform method (RDTM) subject to the appropriate initial
condition. Using this method, it is possible to ﬁnd an exact solution or a closed approximate
solution of a differential equation. Various numerical examples are carried out to check the
accuracy, efﬁciency, and convergence of the described method. The method is a powerful
mathematical tool for solving a wide range of problems arising in engineering and sciences.
ª 2014 Production and hosting by Elsevier B.V. on behalf of King Saud University.1. Introduction
In the recent development, the communication system plays a
key role in the worldwide society. The radio frequency (RF)
and microwave communication (MW) systems generate high
frequency communication which plays a signiﬁcant role in
various industrial applications.
The above systems use the transmission media for transfer-
ring the information carrying signal from one point to anotherpoint. This transmission media can be categorized into two
groups, namely, guided and unguided. In a guided medium,
the signal is transferred through the coaxial cable or transmis-
sion line and therefore, the guided media are capable of trans-
porting the high frequency voltage and current waves. In case
of unguided media, the electromagnetic waves carry the signal
over part of or the entire communication path through RF and
MW channels. These electromagnetic waves are transmitted
and received through antenna.
In a guided transmission media, especially cable transmis-
sion medium is investigated to address the problem of efﬁcient
telegraph transmission. A cable transmission medium classiﬁed
as a guided transmission medium represents a physical system
that directly propagates the information between two or more
locations. In order to optimize the guided communication
system it is necessary to determine or project power and signal
losses in the system, because all the systems have such losses.elegraph
2 V.K. Srivastava et al.To determine these losses and eventually ensure a maximum
output, it is necessary to formulate some kind of equation to
calculate these losses.
Assume that uðx; y; tÞ and iðx; y; tÞ be the electric voltage
and the current in a double conductor, satisfying the telegraph
equations in two dimensions (2D):
@2u
@t2
þ2a@u
@t
þb2u¼ @2u
@x2
þ @2u
@y2
þ f1ðx;y; tÞ;
@2 i
@t2
þ2a @i
@t
þb2i¼ @2 i
@x2
þ @2 i
@y2
þ f2ðx;y; tÞ;
9=
;;ðx;y;tÞ 2X;a> 0;b> 0
ð1Þ
where X ¼ ½a; b  ½c; d  ½t > 0 .The initial conditions are
assumed to be
uðx; y; 0Þ ¼ g1ðx; yÞ;
utðx; y; 0Þ ¼ g2ðx; yÞ;
iðx; y; 0Þ ¼ h1ðx; yÞ;
itðx; y; 0Þ ¼ h2ðx; yÞ;
9>>=
>>;
; ðx; yÞ 2 X ð2Þ
while the boundary conditions are expressed as follows
uðx; y; tÞ ¼ n1ðx; y; tÞ; ðx; yÞ 2 Cp; tP 0;
@u
@g ðx; y; 0Þ ¼ n2ðx; y; tÞ; ðx; yÞ 2 Cq; tP 0;
iðx; y; tÞ ¼ w1ðx; y; tÞ; ðx; yÞ 2 Cp; tP 0;
@i
@g ðx; y; 0Þ ¼ w2ðx; y; tÞ; ðx; yÞ 2 Cq; tP 0;
9>>=
>>;
ð3Þ
where Cp and Cq are non-intersecting curves such that
Cp [ Cq ¼ C, C is the closed curve bounding the domain X
and g is the unit outward vector to C.
Similarly, the three dimensional (3D) telegraph equation is
expressed as follows:
@2u
@t2
þ 2a @u
@t
þ b2u ¼ @2u
@x2
þ @2u
@y2
þ @2u
@z2
þ f1ðx; y; z; tÞ;
@2 i
@t2
þ 2a @i
@t
þ b2i ¼ @2 i
@x2
þ @2 i
@y2
þ @2 i
@z2
þ f2ðx; y; z; tÞ;
9=
;;
ðx; y; z; tÞ 2 X; a > 0; b > 0 ð4Þ
where X ¼ ½a; b  ½c; d  ½e; f  ½t > 0, with initial conditions
uðx; y; z; 0Þ ¼ g1ðx; y; zÞ;
utðx; y; z; 0Þ ¼ g2ðx; y; zÞ;
iðx; y; z; 0Þ ¼ h1ðx; y; zÞ;
itðx; y; z; 0Þ ¼ h2ðx; y; zÞ
9>>=
>>;
; ðx; y; zÞ 2 X ð5Þ
and the boundary conditions consist of
uðx; y; z; tÞ ¼ n1ðx; y; z; tÞ; ðx; y; zÞ 2 Cp; tP 0;
@u
@g ðx; y; z; 0Þ ¼ n2ðx; y; z; tÞ; ðx; y; zÞ 2 Cq; tP 0;
iðx; y; z; tÞ ¼ w1ðx; y; z; tÞ; ðx; y; zÞ 2 Cp; tP 0;
@i
@g ðx; y; z; 0Þ ¼ w2ðx; y; z; tÞ; ðx; y; zÞ 2 Cq; tP 0;
9>>=
>>;
ð6Þ
For a > 0;b ¼ 0; Eqs. (1) and (4) represent damped wave equa-
tions in two and three dimensions respectively.
Through the literature survey it can be seen that telegraph
equation is much more appropriate than ordinary diffusion
equation for modeling the reaction diffusion. The hyperbolic
partial differential equations model the vibrations of structures
(e.g. machines, buildings and beams) and they are the basis for
fundamental equations of atomic physics. The telegraph equa-
tion is described as an important equation for modeling various
problems arising in engineering and science ﬁelds to name a few,
wave propagation (Weston and He, 1993), random walk theory
(Banasiak and Mika, 1998), signal analysis (Jordan and Puri,Please cite this article in press as: Srivastava, V.K. et al., Reduced diﬀerential transfor
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much concentration to the development of exact and numerical
computational methods for one dimensional and two dimen-
sional telegraph equations (Mohanty and Jain, 2001; Mohanty
et al., 2002; Mohanty, 2004; 2005; 2009; Dehghan and Shokri,
2008; Saadatmandi and Dehghan, 2010; Dehghan and
Ghesmati, 2010; Dehghan et al., 2011; Lakestani and Saray,
2010; Jiwari et al. 2012; Momani, 2005; Chen et al. 2008;
Raftari and Yildirim, 2012; Das et al., 2011; Srivastava et al.,
2013a,b; Ahmad andHassan, 2013; Keskin andOturanc, 2009).
The present paper describes an analytical scheme, the
reduced differential transform method to provide approximate
analytical results of the two and three dimensional telegraph
equations. The accuracy and efﬁciency of the proposed method
are demonstrated by several test examples. The biggest beneﬁt of
the described method is that it ﬁnds the solution of telegraph
equation directly without using any transformation, lineariza-
tion, discretization or any other restrictive conditions. Further,
themethod canbe easily implemented inmultidimensional prob-
lems arising in many areas of science and engineering.
2. Reduced differential transform method (RDTM)
In this section, the basic deﬁnitions of the reduced differential
transform method are described.
Let us consider a function of four variableswðx; y; z; tÞ; and
assume that it can be represented as a product
wðx; y; z; tÞ ¼ Fðx; y; zÞGðtÞ: On extending the basis of the
properties of the one-dimensional differential transformation
(Abazari and Ganji, 2011), the function wðx; y; z; tÞ can be rep-
resented as follows
wðx; y; z; tÞ ¼
X1
i1¼0
X1
i2¼0
X1
i3¼0
Fði1; i2; i3Þxi1yi2zi3
X1
j¼0
GðjÞt j
¼
X1
i1¼0
X1
i2¼0
X1
i3¼0
X1
j¼0
Wði1; i2; i3Þxi1yi2zi3 t j;
ð7Þ
where Wði1; i2; i3Þ ¼ Fði1; i2; i3ÞGðjÞ is called the spectrum of
wðx; y; z; tÞ.
Assume that RD denotes the reduced differential transform
operator and R1D indicates the inverse reduced differential
transform operator, then the basic deﬁnition and operation
of the RDTM are described below.
Deﬁnition 2.1. If wðx; y; z; tÞ is analytic and continuously
differentiable with respect to space variables x; y and time
variable t in the domain of interest, then the spectrum function
(Abazari and Ganji, 2011; Abazari and Abazari, 2012)RD½wðx; y; z; tÞ Wkðx; y; zÞ ¼ 1
k!
@k
@tk
wðx; y; z; tÞ
 
t¼t0
ð8Þ
is the reduced transformed function of wðx; y; z; tÞ.
In this article, the lowercase wðx; y; z; tÞ stands for the orig-
inal function while the uppercase Wkðx; y; zÞ represents the
reduced transformed function. The differential inverse reduced
transform of Wkðx; y; zÞ is deﬁned by
R1D ½Wkðx; y; zÞ  wðx; y; z; tÞ ¼
X1
k¼0
Wkðx; y; zÞðt t0Þk ð9Þ
Now, combining the Eqs. (8) and (9), we getm method to solve two and three dimensional second order hyperbolic telegraph
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X1
k¼0
1
k!
@k
@tk
wðx; y; z; tÞ
 
t¼t0
ðt t0Þk ð10Þ
From the Eq. (10), it is obvious that the reduced differential
transform is derived from the function’s power series expansion.
Deﬁnition 2.2. Assume uðx; y; z; tÞ ¼ R1D ½Ukðx; y; zÞ, vðx; y;
z; tÞ ¼ R1D ½Vkðx; y; zÞ; and let convolution  denotes the
reduced differential transform version of the multiplication,
then the basic operations of the reduced differential transform
are given in Table 1.3. RDTM for two dimensional telegraph equation
Implementing the RDTM to the two dimensional telegraph
Eq. (1), we have the following expression
ðkþ 1Þðkþ 2ÞUkþ2ðx; yÞ þ 2aðkþ 1ÞUkþ1ðx; yÞ
þb2Ukðx; yÞ ¼ @2@x2 Ukðx; yÞ þ @
2
@y2
Ukðx; yÞ þ RD½f1ðx; y; tÞ;
ðkþ 1Þðkþ 2ÞIkþ2ðx; yÞ þ 2aðkþ 1ÞIkþ1ðx; yÞ
þb2Ikðx; yÞ ¼ @2@x2 Ikðx; yÞ þ @
2
@y2
Ikðx; yÞ þ RD½f2ðx; y; tÞ;
9>>=
>>;
;
ðx; y; tÞ 2 X; a > 0; b > 0:
Now implementing the aforesaid method to the initial condi-
tions (2), we get
U0ðx; yÞ ¼ g1ðx; yÞ;
U1ðx; yÞ ¼ g2ðx; yÞ;
I0ðx; yÞ ¼ h1ðx; yÞ;
I1ðx; yÞ ¼ h2ðx; yÞ;
9>>=
>>;
; ðx; yÞ 2 X:
From above two equations we get the values of Ukðx; yÞ;
Ikðx; yÞ; k ¼ 2; 3; 4; ::: etc. Applying the differential inverse
reduced transform of Ukðx; yÞ; Ikðx; yÞ; k ¼ 0; 1; 2; 3; :::, one
can obtain the approximate solution for uðx; y; tÞ and
iðx; y; tÞ given by
uðx; y; tÞ ¼
X1
k¼0
Ukðx; yÞtk
¼ U0ðx; yÞ þU1ðx; yÞtþU2ðx; yÞt2 þU3ðx; yÞt3 þ :::
iðx; y; tÞ ¼
X1
k¼0
Ikðx; yÞtk
¼ I0ðx; yÞ þ I1ðx; yÞtþ I2ðx; yÞt2 þ I3ðx; yÞt3 þ :::Table 1 Basic operations of the reduced differentia
Original function R
RD½uðx; y; z; tÞvðx; y; z; tÞ U
RD½auðx; y; z; tÞ  bvðx; y; z; tÞ a
RD½ @n@tn uðx; y; z; tÞ ð
RD½ @mþnþpþs@xm@yn@zp@ts uðx; y; z; tÞ ð
RD½xmynzptq

RD½ekt k
k
RD½sinðaxþ byþ czþ xtÞ w
k
RD½cosðaxþ byþ czþ xtÞ w
k
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Implementing the aforesaid method to the three dimensional
telegraph Eq. (4), we get the following equation
ðkþ1Þðkþ2ÞUkþ2ðx;y;zÞþ2aðkþ1ÞUkþ1ðx;y;zÞþb2Ukðx;y;zÞ
¼ @2
@x2
Ukðx;y;zÞþ @2@y2Ukðx;y;zÞþ @
2
@z2
Ukðx;y;zÞþRD½f1ðx;y;z;tÞ;
ðkþ1Þðkþ2ÞIkþ2ðx;y;zÞþ2aðkþ1ÞIkþ1ðx;y;zÞþb2Ikðx;y;zÞ
¼ @2
@x2
Ikðx;y;zÞþ @2@y2 Ikðx;y;zÞþ @
2
@z2
Ikðx;y;zÞþRD½f2ðx;y;z;tÞ;
9>>>=
>>>;
;
ðx;y;z; tÞ 2X;a> 0;b> 0:
Now applying the method to the initial conditions (5), we have
U0ðx; y; zÞ ¼ g1ðx; y; zÞ;
U1ðx; y; zÞ ¼ g2ðx; y; zÞ;
I0ðx; y; zÞ ¼ h1ðx; y; zÞ;
I1ðx; y; zÞ ¼ h2ðx; y; zÞ;
9>>=
>>;
; ðx; y; zÞ 2 X:
From above two equations we get the values of Ukðx; y; zÞ;
Ikðx; y; zÞ; k ¼ 2; 3; ::: etc. Using the differential inverse reduced
transform of Ukðx; y; zÞ; Ikðx; y; zÞ; k ¼ 0; 1; 2; :::, we have the
approximate solution for uðx; y; z; tÞ and iðx; y; z; tÞ as follows
uðx; y; z; tÞ ¼
X1
k¼0
Ukðx; y; zÞtk
¼ U0ðx; y; zÞ þU1ðx; y; zÞtþU2ðx; y; zÞt2 þ :::
iðx; y; z; tÞ ¼
X1
k¼0
Ikðx; y; zÞtk
¼ I0ðx; y; zÞ þ I1ðx; y; zÞtþ I2ðx; y; zÞt2 þ :::5. Computational illustrations
In this section, the method explained in Section 2 is described
by taking several examples of both linear and nonlinear 2D
and 3D telegraph equations to validate the efﬁciency and reli-
ability of the aforesaid technique.
Example 5.1. Consider the 2D linear Telegraph equation
(Jiwari et al., 2012)
@2u
@t2
þ 2 @u
@t
þ u ¼ 1
2
@2u
@x2
þ @
2u
@y2
 
ð11Þl transform method.
educed diﬀerential transformed function
kðx; y; zÞ  Vkðx; y; zÞ ¼
Pk
r¼0Urðx; y; zÞVkrðx; y; zÞ
Ukðx; y; zÞ  bVkðx; y; zÞ
kþ 1Þðkþ 2Þ::::::ðkþ nÞUkþnðx; y; zÞ
kþsÞ!
k!
@mþnþp
@xm@yn@zp Ukþsðx; y; zÞ
xmynzp; k ¼ q
0;otherwise
k
!
k
! sinðpk2! þ axþ byþ czÞ
k
! cosðpk2! þ axþ byþ czÞ
m method to solve two and three dimensional second order hyperbolic telegraph
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4 V.K. Srivastava et al.subject to the initial conditions (the solution is periodic in x
and y)
uðx; y; 0Þ ¼ sinhðxÞ sinhðyÞ;
utðx; y; 0Þ ¼ 2 sinhðxÞ sinhðyÞ;

: ð12Þ
Implementing the RDTM to Eq. (11), we get the following
relation
ðkþ 1Þðkþ 2ÞUkþ2ðx; yÞ þ 2ðkþ 1ÞUkþ1ðx; yÞ
¼ 1
2
@2
@x2
Ukðx; yÞ þ @
2
@y2
Ukðx; yÞ
 
Ukðx; yÞ: ð13Þ
Using the aforesaid method to the initial conditions (12), we
have
U0ðx; yÞ ¼ sinhðxÞsinhðyÞ;U1ðx; yÞ ¼ 2 sinhðxÞsinhðyÞ: ð14Þ
Using Eq. (14) in Eq. (13), we have the following Ukðx; yÞ
values successively as
U2ðx; yÞ ¼ 2 sinhðxÞ sinhðyÞ ¼ ð2Þ
2
2!
sinhðxÞ sinhðyÞ;
U3ðx; yÞ ¼ ð2Þ
3
3!
sinhðxÞ sinhðyÞ;
:::;Ukðx; yÞ ¼ ð2Þ
k
k!
sinhðxÞ sinhðyÞ:
ð15Þ
Using the differential inverse reduced transform of Ukðx; yÞ,
we obtain the expression
uðx;y;tÞ¼
X1
k¼0
Ukðx;yÞtk
¼U0ðx;yÞþU1ðx;yÞtþU2ðx;yÞt2þU3ðx;yÞt3þ :::
¼ sinhðxÞsinhðyÞ 1þð2Þtþð2Þ
2
2!
t2þð2Þ
3
3!
t3þ :::þð2Þ
k
k!
tkþ :::
 !
:
ð16Þ
The solution (16), in closed form, is expressed as follows
uðx; y; tÞ ¼ e2t sinhðxÞ sinhðyÞ: ð17Þ
Example 5.2. Consider the 3D linear Telegraph equation
(Weston and He, 1993)@2u
@t2
þ 2 @u
@t
þ u ¼ @
2u
@x2
þ @
2u
@y2
þ @
2u
@z2
ð18Þ
subject to initial conditions (the solution is periodic in x, y and
z)
uðx; y; z; 0Þ ¼ sinhðxÞ sinhðyÞ sinhðzÞ;
utðx; y; z; 0Þ ¼  sinhðxÞ sinhðyÞ sinhðzÞ;

: ð19Þ
Applying the aforesaid technique to Eq. (18), we obtain the
following recurrence formula
ðkþ 1Þðkþ 2ÞUkþ2ðx; y; zÞ þ 2ðkþ 1ÞUkþ1ðx; y; zÞ
¼ @2
@x2
Ukðx; y; zÞ þ @2@y2 Ukðx; y; zÞ þ @
2
@z2
Ukðx; y; zÞ Ukðx; y; zÞ:
ð20Þ
Using the described method to the initial conditions (19), we
get
U0ðx; y; zÞ ¼ sinhðxÞsinhðyÞsinhðzÞ; U1ðx; y; zÞ
¼  sinhðxÞsinhðyÞsinhðzÞ: ð21Þ
Using Eq. (21) in Eq. (20), one can get the following Ukðx; y; zÞ
values successively asPlease cite this article in press as: Srivastava, V.K. et al., Reduced diﬀerential transfor
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2
2!
sinhðxÞ sinhðyÞ sinhðzÞ;
U3ðx; y; zÞ ¼ ð1Þ
3
3!
sinhðxÞ sinhðyÞ sinhðzÞ;
:::; Ukðx; y; zÞ ¼ ð1Þ
k
k!
sinhðxÞ sinhðyÞ sinhðzÞ:
ð22Þ
Using the differential inverse reduced transform of Ukðx; y; zÞ,
we have
uðx;y;z;tÞ ¼
X1
k¼0
Ukðx;y;zÞtk
¼ sinhðxÞsinhðyÞsinhðzÞ
 1þð1Þtþð1Þ2
2!
t2þð1Þ3
3!
t3þ ::::::þð1Þk
k!
tkþ ::::::
 	
ð23Þ
The solution (23), in closed form, can be given by
uðx; y; z; tÞ ¼ et sinhðxÞ sinhðyÞ sinhðzÞ: ð24Þ
Example 5.3. Consider the following 2D nonlinear Telegraph
equation (Dehghan and Ghesmati, 2010)@2u
@x2
þ @
2u
@y2
¼ @
2u
@t2
þ 2 @u
@t
þ u2  e2ðxþyÞ4t þ eðxþyÞ2t ð25Þ
under the initial conditions (the solution grows exponentially
in x and y)
uðx; y; 0Þ ¼ exþy;
utðx; y; 0Þ ¼ 2exþy;

: ð26Þ
Applying the aforesaid technique to Eq. (25), we obtain the
following iterative expression:
ðkþ 1Þðkþ 2ÞUkþ2ðx; yÞ þ 2ðkþ 1ÞUkþ1ðx; yÞ
¼ @
2
@x2
Ukðx; yÞ þ @
2
@y2
Ukðx; yÞ

Xk
r¼0
Urðx; yÞUkrðx; yÞ þ e2ðxþyÞ ð4Þ
k
k!
 !
 eðxþyÞ ð2Þ
k
k!
 !
:
ð27Þ
Applying the RDTM to the initial conditions (40), we obtain
U0ðxÞ ¼ exþy;U1ðxÞ ¼ 2exþy: ð28Þ
Using Eq. (28) in Eq. (27), we get the following Ukðx; yÞ values
successively as
U2ðx;yÞ¼ 2exþy¼ ð2Þ
2
2!
exþy;U3ðx;yÞ¼ ð2Þ
3
3!
exþy;U4ðx;yÞ¼ ð2Þ
4
4!
exþy;
:::Ukðx;yÞ¼ ð2Þ
k
k!
exþy:
ð29Þ
Using the differential inverse reduced transform of Ukðx; yÞ,
one can get
uðx;y; tÞ¼
X1
k¼0
Ukðx;yÞtk ¼U0ðx;yÞþU1ðx;yÞtþU2ðx;yÞt2þU3ðx;yÞt3þ :::
¼ exþy 1þð2Þtþð2Þ2
2!
t2þð2Þ3
3!
t3þ ::::::þð2Þk
k!
tkþ ::::::
 	
:
ð30Þ
The solution (30), in closed form, is given by
uðx; y; tÞ ¼ eðxþyÞ2t: ð31Þm method to solve two and three dimensional second order hyperbolic telegraph
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equation (Weston and He, 1993)
@2u
@x2
þ @
2u
@y2
þ @
2u
@z2
¼ @
2u
@t2
þ 2 @u
@t
þ u2  e2ðxþyþzÞ4t þ eðxþyþzÞ2t
ð32Þ
under the initial conditions (the solution grows exponentially
in x, y and z)
uðx; y; z; 0Þ ¼ exþyþz;
utðx; y; z; 0Þ ¼ exþyþz;
)
: ð33Þ
Implementing the aforesaid technique to Eq. (32), we obtain
the following iterative expression:
ðkþ 1Þðkþ 2ÞUkþ2ðx; y; zÞ þ 2ðkþ 1ÞUkþ1ðx; y; zÞ
¼ @2
@x2
Ukðx; y; zÞ þ @2@y2 Ukðx; y; zÞ þ @
2
@z2
Ukðx; y; zÞ

Xk
r¼0
Urðx; y; zÞUkrðx; y; zÞ þ e2ðxþyþzÞðð4Þ
k
k!
Þ
eðxþyþzÞðð2Þk
k!
Þ:
ð34Þ
Using the aforesaid scheme to the initial conditions (33), we
have
U0ðx; y; zÞ ¼ exþyþz;U1ðx; y; zÞ ¼ exþyþz: ð35Þ
Using Eq. (35) in Eq. (34), we obtain Ukðx; y; zÞ values succes-
sively as
U2ðx; y; zÞ ¼ ð1Þ
2
2!
exþyþz;U3ðx; y; zÞ ¼ ð1Þ
3
3!
exþyþz;
U4ðx; y; zÞ ¼ ð1Þ
4
4!
exþyþz; ; :::::;Ukðx; y; zÞ ¼ ð1Þ
k
k!
exþyþz:
ð36Þ
Using the differential inverse reduced transform of Ukðx; y; zÞ,
we have
uðx;y;z;tÞ ¼
X1
k¼0
Ukðx;y;zÞtk
¼U0ðx;y;zÞþU1ðx;y;zÞtþU2ðx;y;zÞt2þ
¼ exþyþz 1þð1Þtþð1Þ2
2!
t2þð1Þ3
3!
t3þ ::::::þð1Þk
k!
tkþ ::::::
 	
:
ð37Þ
The solution (37), in closed form, is given as follows
uðx; y; z; tÞ ¼ eðxþyþzÞt: ð38Þ6. Conclusions
In this article, the reduced differential transform method is
described to ﬁnd the analytical solution of two and three
dimensional hyperbolic linear and nonlinear telegraph equa-
tions. The method is applied in a direct way without using
transformation, linearization, discretization or any other
restrictive conditions. The effectiveness of the method is shown
from the computational solutions, which shows that the
RDTM rapidly converges, highly accurate, and is an easily
implementable mathematical method for the multidimensional
problems emerging in various domains of science and
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